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An Interval Fuzzy Controller for Vehicle
Active Suspension Systems

Jiangtao Cao, Member, IEEE, Ping Li, Senior Member, IEEE, and Honghai Liu, Senior Member, IEEE

Abstract—A novel interval type-2 fuzzy controller architecture
is proposed to resolve nonlinear control problems of vehicle active
suspension systems. It integrates the Takagi–Sugeno (T–S) fuzzy
model, interval type-2 fuzzy reasoning, the Wu–Mendel uncer-
tainty bound method, and selected optimization algorithms to-
gether to construct the switching routes between generated linear
model control surfaces. The stability analysis of the proposed
approach is presented. The proposed method is implemented into
a numerical example and a case study on a nonlinear half-vehicle
active suspension system. The simulation results demonstrate the
effectiveness and efficiency of the proposed approach.

Index Terms—Active suspension system, interval type-2 fuzzy
control, stability analysis.

I. INTRODUCTION

V EHICLE suspension systems, as a kind of typical non-
linear system, play a crucial role in riding comfort, safety

handling, and road-damage minimization and significantly con-
tribute to the overall vehicle performance. It is evident that
tradeoffs have to be taken to achieve an overall better perfor-
mance for all types of suspension systems, including passive,
semiactive, and active suspensions [1]. Increasing attention has
been paid to active suspensions in recent years, mainly due to
its less-physical constraints, flexible structure, and intelligent
methodology to deal with random vibrations. It is also evident
that different developing control algorithms of the core part
of active suspension systems have significantly contributed in
improving suspension performance [2], [3].

To control an active suspension, the control algorithms must
be able to deal with mechanical nonlinear dynamics and be
operated under imprecise and uncertain conditions, which are
mainly caused by random natural road surfaces. The mecha-
nism behind fuzzy logic controllers (FLCs) is credited with
being a feasible methodology for designing robust controllers
that are able to deliver satisfying performance in the face of
nonlinearity, uncertainty, and imprecision [4]. Hence, FLCs
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have become a popular approach for active suspension systems
in recent years. There are different ways to construct FLCs for
vehicle suspension control systems. It is common to construct
an FLC by eliciting the corresponding fuzzy rules and defining
their membership functions based on expert knowledge or in-
dustrial experience. More importantly, contributions have been
made to improve the basic fuzzy control structure with compu-
tational intelligent strategies. It is evident that integrating the
fuzzy controllers with other intelligent methods such as neural
networks and genetic algorithms improve control performance
in uncertain scenarios [5]–[11].

From the viewpoint of application, all existing suspension
control systems employ type-1 fuzzy sets to build a type-1
fuzzy control system. It limits introducing uncertain factors
from linguistic rules through predefined membership functions.
To overcome the weakness, type-2 fuzzy sets have recently been
proposed with their more general fuzzy membership functions
and potential ability to solve real-world uncertain scenarios
[12]–[14]. The concept of the type-2 fuzzy set was originally
introduced by Zadeh [15] as an extension of the ordinary fuzzy
set. Then, it has significantly been developed from theoretical
research to applications in the past decade. A fuzzy logic system
consisting of at least one type-2 fuzzy set is called a type-2
FLS [16]. In comparison with the type-1 FLS, a type-2 FLS
has twofold advantages as follows: First, it has the capabil-
ity of directly handling the uncertain factors of fuzzy rules
caused by expert experience or linguistic description. Second,
it is efficient to employ a type-2 FLS to cope with scenarios
in which it is difficult or impossible to determine an exact
membership function and related measurement of uncertainties.
These strengths have made researchers consider type-2 FLS as
the preference for real-world applications.

The interval type-2 fuzzy system (IT2 FS) is one of the main
branches of type-2 fuzzy systems. It has widely been studied
and utilized for real-time control systems mainly due to its
lower computational cost [3], [17]–[19]. There are many types
of methods for IT2 FSs to aggregate IT2 fuzzy values to crisp
outputs. Here, two of them are considered: One is represented
by the Karnik–Mendel (K–M) algorithm, which involves type
reduction (TR) [20], [21], and the other is represented by
Wu–Mendel uncertainty bounds, which do not involve TR [18].
The first type of method calculates the exact solutions monoton-
ically and super exponentially fast with a simple formula;
however, the time delay caused by algorithmatic iteration is
the bottleneck for real-time applications. On the other hand,
the second type of method replaces the TR by four uncer-
tainty bounds. These bounds only depend on the lower and
upper firing levels of each rule and the centroid of each rule’s
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consequent set. Wu and Mendel [18] calculated the final crisp
outputs of an IT2 FLS by averaging the uncertainty bounds.
That means that it is computationally efficient that the mean
operator and four uncertainty bounds are combined to estimate
their defuzzified outputs. It is obvious that existing aggregation
operators can play the mean method’s role in defuzzification
[16] to achieve better performance for individual applications.
Some new researches on defuzzification of type-2 fuzzy sets are
presented in [22] and [23]

Inspired by Mendel’s work [16], this paper proposed a gen-
eral structure to aggregate uncertainty bounds to the defuzzified
outputs through a further-optimization structure. It integrates
the Takagi–Sugeno (T–S) fuzzy model, the interval type-2
fuzzy reasoning, the Wu–Mendel uncertainty bounds, and se-
lected optimization algorithms together to construct the switch-
ing routes among the generated linear model control surfaces.
Considering the uncertainty bounds and further-optimization
algorithms, based on the common quadratic Lyapunov func-
tions, the stability analysis of the closed-loop control system
is presented. By integrating the T–S fuzzy model into the
proposed architecture of the IT2 FLS, the further-optimization
module rebuilds the transfer routes between the generated linear
control surfaces and integrates the control performance and
other practical requirements into the defuzzification interface.
For evaluation purposes, the proposed structure is implemented
into a numerical example and a case study on a half-vehicle
active suspension system with convincing results.

The rest of this paper is organized as follows: Section II
presents a nonlinear model of a half-vehicle active suspension
system. Section III proposes an IT2 T–S fuzzy control system
with a further-optimization structure. Section IV analyzes the
stability of the closed-loop control system with the proposed
architecture. Some simulations are given in Section V. Con-
cluding remarks and future work are discussed in Section VI.

II. NONLINEAR ACTIVE SUSPENSION SYSTEM

A vehicle body is generally a rigid body with 6 degree-of-
freedom (DOF) motions and consists of longitudinal, lateral,
and heave motions, as well as roll, pitch, and yaw motions [2].
These motions are restricted by the geometrical constraints of a
vehicle suspension and also coupled with each other to a certain
degree. Regardless of such coupling problems, the reduced-
order mathematical model is commonly employed to design an
active suspension control system. Therefore, a quarter-vehicle
model or a half-vehicle model is often used for theoretical
analysis and design of active suspension systems.

A half-vehicle model including pitch and heave modes is
represented to simulate the ride characteristics of a simplified
whole vehicle. Based on the half-vehicle model, many active
control strategies have been designed to improve the ride com-
fort and handling performance of vehicle suspensions [24]. Let
f and r denote the front and rear wheels and x and z denote the
longitudinal forward and vertical up directions. The notation is
provided here for the half-vehicle model, as shown in Fig. 1.

df Distance from the front axle to the center of gravity
(in meters).

Fig. 1. Half-vehicle suspension model in [24].

dr Distance from the rear axle to the center of gravity
(in meters).

mb Half body mass (or sprung mass) (in kilograms).
mwf Front wheel mass (or unsprung mass) (in kilograms).
mwr Rear wheel mass (or unsprung mass) (in kilograms).
Ksf Front suspension spring stiffness (in Newton per meter).
Ksr Rear suspension spring stiffness (in Newton per meter).
Ktf Front tire stiffness (in Newton per meter).
Ktr Rear tire stiffness (in Newton per meter).
cf Front damping coefficient (in Newton-second per

meter).
cr Rear damping coefficient (in Newton-second per meter);
faf Front actuator force (in Newton);
far Rear actuator force (in Newton);
U0 Original velocity (in meters per second);
Ib Pitch inertia (in square kilograms).
zf0 Road displacement at the front wheel (in meters).
zr0 Road displacement at the rear wheel (in meters).
zwf Front wheel displacement (in meters).
zbf Front body displacement (in meters).
zwr Rear wheel displacement (in meters).
zbr Rear body displacement (in meters).

As Hrovat remarked in [1], the linear system approximation
was appropriate for some operations; however, there were some
situations that amplified the nonlinear effects. These nonlinear
effects could be created by dry friction and discrete-event dis-
turbances (e.g., single bumps or potholes). To simulate the real
suspension system and to evaluate the potentially application
of the proposed control method, a nonlinear model is better to
precisely describe the real system dynamics than linear models.
Meanwhile, for vehicle suspension systems, the high-order
polynomial functions are better than the proportional functions
to describe the real spring and damper forces. Based on the
method in [25], the connecting forces (e.g., spring force and
damping force) can be modeled as the nonlinear functions using
measured data. The spring force fs is estimated by high-order
polynomial functions, as shown in

fs = fsl + fsn = k1Δz + (k0 + k2Δz2 + k3Δz3) (1)
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where fsl is the linear term of the spring force, and fsn is the
nonlinear term of the spring force. The coefficients are obtained
by fitting the equation to experimental data. The damping force
fd is also modeled as a second-order polynomial function by
fitting the measured data. It is given as follows:

fd = fdl + fdn = c1Δż + c2Δż2 (2)

where fdl is the linear term, and fdn is the nonlinear term of
the damper force. Likewise, the coefficients are obtained by the
measured data fitting.

In addition to the nonlinear properties presented by the spring
force and damping force, the vertical tire force is also highly
nonlinear, particularly when there are substantial load changes.
Even the vertical tire force becomes zero when the tire loses
contact with the road surface. The tire force is modeled as
follows:

ftl = kt(z0 − zw), when (z0 − zw) > 0
ftn = 0, when (z0 − zw) ≤ 0

where ftl denotes the linear tire force, and ftn denotes the
nonlinear tire force.

The nonlinear model of an active suspension system is
provided here for controller design and performance analysis.
Considering the nonlinearity shown in (1) and (2), the active
suspension system can be written as a multiple-input–multiple-
output nonlinear model

Ẋ = F (X,U) (3)

where X denotes the state matrices, which include the dis-
placements and velocity of the vehicle body (i.e., Żb and Zb),
suspension (i.e., Żw and Zw), and road surface input (i.e.,
Ż0 and Z0); U denotes the actuator force matrices (i.e., faf

and far); and F (X,U) is a nonliner function that presents the
suspension nonlinear dynamic description and can be obtained
by integrating the linear model in [3] and the nonlinear forces
(i.e., fs, ft, and fd).

III. INTERVAL TYPE-2 TAKAGI–SUGENO

FUZZY CONTROL SYSTEM

Extensive studies, particularly fuzzy control strategies, have
been conducted to overcome the nonlinearity and uncertainty
of active suspension systems. A brief introduction on general
T–S fuzzy control is first presented in this section. Then, the
interval membership functions, type-2 reasoning methods, and
proposed optimization structure are demonstrated. Finally, the
section is concluded with a novel IT2 T–S fuzzy control system.

A. General T–S Fuzzy Model and Fuzzy Control System

Considering a T–S fuzzy model, it is represented as the
general form

R(l) : IF z1 is F l
1 and z2 is F l

2, . . . , and zν is F l
ν

THEN x(t + 1) is gl(X,U)

where l ∈ L := 1, 2, . . . ,m (4)

where R(l) denotes the lth fuzzy inference rule, m denotes
the number of fuzzy rules, F l

j (j = 1, 2, . . . , ν) denotes the
type-1 fuzzy sets, z(t) := [z1, z2, . . . , zν ] denote measurable
variables, x(t) ∈ �n denotes the state vector, u(t) ∈ �p de-
notes the input vector, and the T–S consequent terms gl

i is
defined in

gl(X,Uθl)=Alx(t)+Blu(t)+al, l∈L :=1, 2, . . . ,m (5)

where Al, Bl, and al are the parameter matrices of the lth local
model.

The fuzzy control scheme is chosen as the parallel distributed
compensation control, and it is defined as follows:

R(r) : IF z1 is F r
1 and z2 is F r

2 , . . . , and zν is F r
ν

THEN u(t) is Krx(t), r ∈ L := 1, 2, . . . ,m (6)

where Kr stands for the rth local linear control gain.
By using a singleton fuzzifier, product inference operator,

and center average defuzzifier, with the affine terms al ≡ 0, the
closed-loop fuzzy control system can be rewritten as

x(t + 1) =
m∑

l=1

m∑
r=1

μlμr(Al + BlKr)x(t). (7)

It is assumed that μl and μr, which are the normalized mem-
bership functions, both satisfy the following:

μl =
ξl(z)

m∑
i=1

ξi(z)

ξl(z) =
ν∏

i=1

F l
i (zi)

μl ≥ 0,

m∑
l=1

μl = 1 (8)

where F l
i (zi) is the membership grade of zi in fuzzy set F l

i .

B. Interval Type-2 T–S Fuzzy Control System

Although the priority in real-time applications has been given
to the IT2 FLS in that it has the capability of handling higher
order uncertainty factors in terms of cheaper computational cost
and simple structure, it has difficulties in interpreting related
uncertainty scenarios in the IT2 fuzzy reasoning. Hence, an IT2
T–S fuzzy control system is presented in this section to analyze
the problem of how to bound the potential uncertainty in the
type-2 reasoning process.

To present the general structure of the IT2 T–S FLS, the lth
rule in (4) can be rewritten as the following format:

R(l) : IF z1 is F̃ l
1 and z2 is F̃ l

2, . . . , and zν is F̃ l
ν

THEN x(t + 1) = Alx(t) + Blu(t)

(l ∈ L := 1, 2, . . . ,m) (9)
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Fig. 2. Example of an IT2 fuzzy membership function, where UMF stands
for upper membership function, and LMF stands for lower membership func-
tion [19].

where F̃ l
i is an interval type-2 fuzzy set of rule l, which

corresponds to a membership function shown in Fig. 2. Its firing
strength of the lth rule belongs to the following interval set:

ωl(x) ∈ [ωl(x), ω̄l(x)] , l = 1, 2, . . . ,m (10)

where

ωl(x) = μ
F̃ l

1
(x) ∗ μ

F̃ l
2
(x) ∗ · · · ∗ μ

F̃ l
m

(x) (11)

ωl(x) = μF̃ l
1
(x) ∗ μF̃ l

2
(x) ∗ · · · ∗ μF̃ l

m
(x) (12)

in which μ
F̃ l

i

(x) and μF̃ l
i
(x) denote the lower and upper

membership grades, respectively. Then, the inferred IT2 T–S
fuzzy model is defined as

x(t + 1) =
m∑

l=1

(α · ωl(x) + β · ωl(x)) (Alx + Blu)

=
m∑

l=1

ω̃l(x)(Alx + Blu) (13)

where

ω̃l(x) = α · ωl(x) + β · ωl(x) ∈ [0, 1]
m∑

l=1

ω̃l(x) = 1. (14)

Herein, the values of α and β are both set as 0.5, according
to [26].

To control a nonlinear plant based on the IT2 T–S fuzzy
model described by (13), an IT2 T–S fuzzy controller is de-
signed, and its fuzzy rules are given as follows:

R(r) : IF z1 is F̃ r
1 and z2 is F̃ r

2 , . . . , and zν is F̃ r
ν

THEN u(t) is K̃rx(t) (r ∈ L := 1, 2, . . . ,m)

(15)

where K̃r stands for the rth local linear control gain. The output
of this controller is defined as

u(t) =
m∑

r=1

f
(
ωL

r (x), ωU
r (x)

)
K̃r · x (16)

where

ωL
r (x) =

ωr(x)
m∑

r=1
(ωr(x) + ωr(x))

(17)

ωU
r (x) =

ωr(x)
m∑

r=1
(ωr(x) + ωr(x))

. (18)

ωL
r and ωU

r are satisfied with

m∑
r=1

(
ωL

r (x) + ωU
r (x)

)
= 1 (19)

and the value of f(ωL
r (x), ωU

r (x)) depends on the TR methods
and belongs to an interval.

The TR method is employed in this section and based on
minimax uncertainty bounds [16], [18]. Let us assign (ωL

r (x) +
ωU

r (x))/2 to f(ωL
r (x), ωU

r (x)) and substitute it into (16); we
obtain the following:

u(t) ∈
[
u(O)(t), u(M)(t)

]
(20)

where

u(O)(t) =

m∑
i=1

ωiKix

m∑
i=1

ωi

(21a)

u(M)(t) =

m∑
i=1

ωiKix

m∑
i=1

ωi

. (21b)

Then, the uncertainty bounds can be calculated by

uc(t) = min
{

u(O)(t), u(M)(t)
}

(22a)

uc(t) = uc(t) −

⎡
⎢⎢⎣

m∑
i=1

(ωi − ωi)

m∑
i=1

ωi
m∑

i=1

ωi

×

m∑
i=1

ωi(Ki−K1)x
m∑

i=1

ωi(Km−Ki)x

m∑
i=1

ωi(Ki−K1)x+
m∑

i=1

ωi(Km−Ki)x

⎤
⎥⎥⎦ .

(22b)

The lower bound uc(x) is assigned to be equal to the upper
bound uc(x) if only one rule is fired (i.e., m = 1).

The crisp output of the controller is

u(t) ≈ 1
2

[uc(t) + uc(t)] . (23)

Generally speaking, the T–S fuzzy model is employed to
describe a global nonlinear system in terms of a set of local
linear models that are smoothly connected by fuzzy mem-
bership functions. Herein, the IT2 T–S fuzzy model supplies
an alternative way to build the bounded interval switching
routes among local linear models, which means that, under the
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Fig. 3. Structure of the proposed IT2 T–S fuzzy controller.

principle of the IT2 T–S fuzzy system, a system model has the
capability of switching among local linear models in an interval
route constrained by certain bounds involving uncertainty and
nonlinear dynamics. Equation (23) demonstrates that the center
route of the interval terms is employed to build its global system
model. It is crucial to identify a suitable structure within the
principle to improve the performance of optimizing switching
routes from bounded intervals.

C. Proposed IT2 T–S Fuzzy Control System

A novel control structure is proposed in this section, which
aims to integrate the IT2 reasoning findings with control per-
formance optimization to rebuild the switching routes between
local linear model controls. The structure is shown in Fig. 3.

By adapting the proposed structure, the crisp outputs of the
IT2 T–S FLS can be recalculated as

u∗
c = min

{
u(O)(t), u(M)(t)

}
(24a)

u∗
c = max

{
u(O)(t), u(M)(t)

}
(24b)

Γ = f (ũ(t)) , ũ(t) ∈ (u∗
c + Δu∗

c, u
∗
c + 2Δu∗

c, . . . , u
∗
c)

(24c)

Δu∗
c =

u∗
c − u∗

c

n
(25)

where u(O)(t) and u(M)(t) can be calculated from (21a) and
(21b), n denotes the resampling number, Γ denotes the further-
optimization goal, and f is defined as a performance function
of the system with variable ũ(t). The control output ũ(t) can be
solved from (24c) by off-the-shelf optimization algorithms.

With the preceding information, the systematic control pro-
cedure of the proposed framework is given here.

1) Determine all the state variables, their interval type-2
fuzzy membership functions (MFs), and fuzzy rules.

2) With the control plant and required control aims, design
the optimization task, and choose the related proper opti-
mization method.

3) Obtain the system inputs. The interval outputs are calcu-
lated with the interval type-2 fuzzy inference and the TR
method by (13), (16), and (21a)–(22b).

4) Calculate the fuzzy control outputs by the further-
optimization structure with (24a)–(25).

5) Perform the control outputs on the plant. The system
inputs are updated, and the system performance in the
further-optimization part is also recalculated.

6) Return to step 3 to do the next interval type-2 fuzzy
reasoning. Recycle this process until the expected system
performance is obtained.

In comparison with the conventional IT2 T–S FLS, the
proposed structure built a more general framework to represent
the defuzzifier processing. If an optimal goal of the proposed
IT2 T–S FLS can be described by (23), the convergence of
the optimization method is guaranteed, and the general method
is shrunk to the same form as the conventional IT2 T–S FLS.
However, under the proposed structure, the crisp output of the
IT2 T–S FLS represents twofold information. One is the fuzzy
rules extracted from expert knowledge or industrial experience.
The other is the further optimal goal, which is required by prac-
tical issues or is impossible to be combined into the fuzzy rules.
Optimization algorithms can be selected in terms of domain-
dependent goals and practical requirements. For the purpose
of evaluating the proposed method, a numerical example and a
case study on a nonlinear half-vehicle active suspension system
are implemented in Section V.

IV. STABILITY ANALYSIS OF THE IT2
T–S FUZZY CONTROL SYSTEM

Stability is one of the most important issues in the analysis
and design of control systems. Stability analysis of the fuzzy
control system has been more difficult, because the system is
essentially nonlinear. Receiving the existing stability analysis
results of typical fuzzy control systems, type-1 T–S fuzzy
control systems provided great development of systematic ap-
proaches to stability analysis in view of powerful conventional
control theory and techniques [27]. However, there is only little
attention to be given to the stability of type-2 fuzzy systems
[28]–[33].

In this section, we analyze the stability of the proposed
closed-loop IT2 T–S fuzzy control system, which is formed by
the IT2 T–S fuzzy model in (13) and the proposed controller.
To formulate the system in a closed format and without losing
the generality, the control output can be rewritten as

u(t) ≈
m∑

i=1

(
αωi + (1 − α)ωi

)
Kix, α ∈ [0, 1]. (26)
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Then, the closed-loop IT2 T–S fuzzy control system can be
described as follows:

x(t + 1) =
m∑

i=1

m∑
j=1

Gij(Ai + BiKj)x(t) (27)

where Gij denotes the fixed membership grade from the IT2
antecedents and T–S consequent and is described as

Gij = [αωi + (1 − α)ωi] ω̃j = ωiω̃j (28)

where ωi, ωi, and ω̃j are defined in (11), (12), and (14),
respectively.

For further stability analysis, (27) can be represented as a
general uncertain system

x(t + 1) =G0x(t) +
m∑

i=1

m∑
j=1

ωiω̃jΔGijx(t)

=G0x(t) +
m∑

i=1

ωiω̃iΔGiix(t)

+
m∑

i<j

ωiω̃jΔFijx(t)

= {G0 + WΔ(t)Z}x(t). (29)

Here

G0 =
1
m

m∑
i=1

(Ai + BiKi) (30)

ΔGij = Ai + BiKj − G0

ΔGii = QiiΦiiS
T
ii

ΔFij = ΔGij + ΔGji = QijΦijS
T
ij , i < j (31)

where Q and S are unitary matrices, W ∈ �ν×γ , Δ(t) ∈ �γ×γ ,
Z ∈ �γ×ν , γ = [ν × m × (m + 1)]/2, and matrices W and Z
are given as follows:

W =
[
Q̄1 Q̄2 · · · Q̄m

]
Z =

[
S̄1 S̄2 · · · S̄m

]T

Δ(t) = block − diag
[
Φ̄e

1 Φ̄e
2 · · · Φ̄e

m

]
(32)

where

Q̄i = [Qii Qii+1 · · · Qir]
S̄i = [Sii Sii+1 · · · Sir]
Φ̄e

i = block − diag [eiiΦii eii+1Φii+1 · · · eirΦir]
eii = ωiω̃j ∈ [ωiω̃j , ωiω̃j ]. (33)

Based on (32), matrices M and N are defined as follows:

M = N = block − diag
[
Φ̄d

1 Φ̄d
2 · · · Φ̄d

r

]
(34)

where

Φ̄d
i = block − diag

[
dii

2
Φii

dii+1

2
Φii+1 · · · dir

2
Φir

]

dij = max ωiω̃j . (35)

Considering the IT2 membership grade of antecedents ωi ∈
[ωi, ωi], if the interval bounds are fixed, then the stability of the
IT2 T–S fuzzy system can be covered by the stability results of
type-1 T–S fuzzy systems [34]. The stability analysis result is
summarized in the following theorem:

Theorem 1: The equilibrium of an IT2 T–S fuzzy control
system, as given in (27), formed by the TR method and control
structure in Section III-C is quadratically stable if and only if
one of the following conditions is satisfied:

1) There exists a positive definite matrix P such that

P (G0 + WMZ) + (G0 + WMZ)T P

+ PWNNT WT P + ZT Z < 0.

2) If defined as

H =
[

G0 + WMZ −WNNT WT

ZT Z −(G0 + WMZ)

]

the condition is

Reλi(H) 	= 0, i = 1, 2, . . . , 2 × n.

3) There exists a positive definite matrix P such that⎡
⎣ P (G0+WMZ)+(G0+WMZ)T P PWN ZT

NT WT P −I 0
Z 0 −I

⎤
⎦ < 0.

Remark 1: Since the TR method is used to aggregate the IT2
centroids to bounds, the closed-loop system is reduced to type-1
T–S FLS, and its stability analysis is similar to the type-1 T–S
FLS. It can also be deduced that, if all the subsystems related to
the interval bounds are asymptotically stable, then the IT2 FLS
is asymptotically stable. However, these stability conditions are
only sufficient conditions with strong constraints.

Remark 2: Considering the proposed control structure in
Fig. 3, algorithms can further be selected to indirectly tune
Gij by optimizing the uncertainty lower and upper bounds.
Theorem 1 proves that, if one of the conditions in the theorem is
satisfied, the optimization algorithms do not affect the closed-
loop stability of the proposed IT2 T–S FLS.

V. SIMULATION EXAMPLES

The proposed approach is implemented into a numerical
example and a case study on a half-vehicle active suspension
model in this section.

A. Numerical Example

A numerical example is conducted to demonstrate the effect
of the novel IT2 T–S FLS.

Consider a T–S fuzzy model with the following two rules:

1) R1: If x is A1, then y = 0.2x + 9.
2) R2: If x is A2, then y = 0.6x + 2.

This example has been used by Takagi and Sugeno [35]
to illustrate the T–S model fuzzy reasoning results. Here, to
demonstrate the reasoning process of the IT2 FLS, the proposed
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Fig. 4. Interval membership functions denote the (a) lower MFs, (b) crisp
MFs, and (c) upper MFs.

Fig. 5. Interval fuzzy reasoning results (1: type-1 reasoning middle route;
2: type-1 reasoning lower route; 3: type-1 reasoning upper route; 4: K–M IT2
reasoning route; 5: proposed IT2 reasoning route).

interval membership functions are implemented in the same
example. The membership functions of A1 and A2 are shown
in Fig. 4. The figure includes not only the interval membership
functions shown as a and c but the crisp membership functions
denoted as b from [35] as well.

Fig. 5 showed the simulation results generated by a type-1
T–S fuzzy system, an IT2 T–S fuzzy system, and the proposed
IT2 T–S fuzzy system with further optimization. First, trans-
lated route 1 was obtained by using type-1 membership func-
tions b in Fig. 4 and the type-1 fuzzy reasoning method in [35];
routes 2 and 3 were produced by employing boundary member-
ship functions a and c in Fig. 4 and the same type-1 reasoning
method. It illustrated that the sliding route from one line to
the other was nonlinear and with a boundary field between the
lower and upper routes. It implied that type-1 fuzzy reasoning
can model the nonlinear switch routes between two linear sur-
faces but cannot deal with uncertainties in the switching routes.

By using the IT2 membership functions and K–M algorithm,
switching route 4 was obtained. It is different from all the type-1
fuzzy reasoning results and piecewise near route 2 (i.e., the
input value in [3, 4] and [7, 8]) and route 1 (i.e., the input value
in [5, 6]). Route 4 also shows that IT2 T–S FLS has the inherent
ability to build more complex switch routes than type-1 FLS.
Route 5 was produced by employing the proposed IT2 T–S FLS

TABLE I
PARAMETERS OF HALF-VEHICLE ACTIVE SUSPENSION

Fig. 6. IT2 fuzzy membership functions of the four FLC input variables.
(a) Membership functions of the vehicle body velocities (i.e., żbf and żbr).
(b) Membership functions of the displacements of the vehicle body (i.e., zbf

and zbr).

with the optimal goal in (36). Switching route 5 was optimally
generated among the linear control surfaces to track the sigmoid
function

f(x) =
2.8

1 + e2.5(x−5.08)
+ 6.8. (36)

The reasoning results demonstrated that the proposed structure
can make use of interval type-2 fuzzy reasoning ability and the
proposed structure to rebuild the switching lines between linear
surfaces and that it has the potential ability to deal with the high
nonlinearity and uncertainty.

B. Half-Vehicle Active Suspension System

The proposed method in Section III was implemented into
a half-vehicle active suspension system, as shown in Fig. 1,
whose mathematical model is given in Section II. The param-
eters of the model are provided in Table I. The vehicle body
velocities (i.e., żbf and żbr) and displacements (i.e., zbf and zbr)
are chosen as inputs, and the actuator forces (i.e., Uf and Ur)
are chosen as outputs. The interval membership functions of the
inputs are provided in Fig. 6. The consequents are linear control
outputs, as given in

U =
[
Uf

Ur

]
= −KX (37)
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TABLE II
RULES OF FUZZY CONTROLLER

where

K =
[

k11 k12 k13 k14

k21 k22 k23 k24

]
(38)

X =

⎡
⎢⎣

Żbf

Żbr

Zbf

Zbr

⎤
⎥⎦ . (39)

The vehicle speed is 20 m/s.
Based on the linear model of the half-vehicle suspension

system and linear quadratic (LQ) control strategy, the control
gains K can be solved [24]. There are a total of 18 fuzzy rules
for the half-vehicle suspension control system, as shown in
Table II. The local linear controller gains are given as follows:

K0 =
[

−28.9 −4095.1 −69.3 −66341.6
−3568.9 −30.58 −19019.6 −73.34

]

K1 =
[

−28.9 −4095.1 −69.3 −76365.6
−3568.9 −30.58 −26874.6 −73.34

]

K2 =
[

−28.9 −4095.1 −69.3 −70365.6
−3568.9 −30.58 −22874.66 −73.34

]

K3 =
[

−28.9 −4095.1 −69.3 −60541.6
−3568.9 −30.58 −15474.66 −73.34

]

K4 =
[

−28.9 −4095.1 −69.3 −57541.6
−3568.9 −30.58 −13474.66 −73.34

]
.

The fuzzy rules and the local linear controller are mainly
designed to reduce the body accelerations with the aim to
improve the riding comfort. Herein, the proposed new control
structure with a cost function in (40) is employed to save the
actuator’s energy

Γ(Uf , Ur) = min
√(

q1z̈2
bf + q2z̈2

br + q3U2
f + q4U2

r

)
(40)

where, to prioritize the parameters, q1 is set as 1, q2 is set as 1,
q3 is set as 10, and q4 is set as 10. Due to the real-time
requirement and its nonlinearity, a particle swarm optimization
algorithm proposed in [36] was integrated into the structure.
In addition, the resample number is set as 20 by default, the
inertia weight is 0.5, and the acceleration coefficients for local
optimization and global optimization are 2.

For evaluation purposes, an LQ controller [24] and an IT2
fuzzy controller with Wu–Mendel uncertain bounds [3] are also
designed to compare with the proposed approach.

Fig. 7. Random road inputs.

Fig. 8. Front body accelerations with random road inputs.

The class-C road surface, which is one kind of poor road sur-
face, is used as a random road input, where the road roughness
is 2.56 × 10−4 m3/cycle according to the ISO (1982) classifi-
cation using the power spectral density, as shown in Fig. 7.

The simulation results are shown in Figs. 8–11. Regarding
the accelerations of the front and rear bodies, the proposed
method has achieved better performance on riding comfort than
the other two methods. On the other hand, the linear controller
has not satisfied the criteria related to the nonlinearity of the
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Fig. 9. Rear body accelerations with random road inputs.

Fig. 10. Front control force with random road inputs.

Fig. 11. Rear control force with random road inputs.

suspension system. Figs. 10 and 11 showed the comparison of
the control force. It is evident that the proposed method requires
lower force than the conventional IT2 method but higher force
than the LQ controller.

TABLE III
RMS VALUE COMPARISON OF BODY ACCELERATIONS

AND CONTROL FORCES

TABLE IV
CREST FACTOR COMPARISON OF BODY ACCELERATIONS

TABLE V
RIDE INDEX COMPARISON OF VEHICLE BODY

From the statistic evaluation point, two kinds of performance
criteria are used to compare the vehicle active suspension
control performance. One is the RMS value, which presents the
vehicle ride comfort and handling performance from the time
domain [1]. Another is the ride index of body vibration, which
focuses on the ride comfort from frequency-weighted vibrating
accelerations [37].

The comparison of RMS values for vertical accelerations and
control forces is shown in Table III.

Based on the ISO criteria of vehicle ride comfort evaluation,
the crest factors of body vertical and rotational vibrations are
determined in Table IV. The ride index calculation method in
[38] is used to compare the vehicle ride comfort with LQ con-
troller, IT2 fuzzy control system, and proposed fuzzy control
system. Table V shows the comparison of the ride index.

Regarding the RMS accelerations and ride index of the
front and rear bodies, the proposed method has achieved better
performance on ride comfort than the other two methods.
Simultaneously, simulation results showed that the proposed
method needs higher control force than the LQ control system.
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VI. CONCLUDING REMARKS

This paper has presented a novel IT2 T–S fuzzy control
system for active suspensions to resolve their nonlinear dy-
namics, more deeply understand the uncertainty embedded
in fuzzy linguistic rules and reasoning, and meet real-time
requirements as a whole. The proposed approach has integrated
the IT2 membership functions, T–S fuzzy model, Wu–Mendel
uncertain bounds, and further-optimization algorithms into one
control framework. It has been implemented into case stud-
ies and been compared with the existing IT2 fuzzy control
system. It is evident that the proposed approach outperforms
the LQ controller and the IT2 fuzzy controller. Simulation
results have shown that the proposed IT2 T–S fuzzy control
system cannot only effectively handle the system uncertainty
and improve control performance but can also save actuator
energy with an added optimization module. The priority of
future work is given to the real-time applications on an electric
vehicle suspension system. In addition, in-depth interpretation
on uncertainty bounds will be investigated based on interval
reasoning. The stability conditions of the proposed closed-loop
systems will further be relaxed. Future work is also aimed at
a bit more ambitious target of developing a fuzzy inference
engine, which has the capability of conducting reasoning in
terms of qualitative and probabilistic information [39], [40].
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