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a  b  s  t  r  a  c  t

This paper  proposes  a new  solution  method  for the  unit  commitment  problem  of  hydro  generation  units
for  power  systems  in  which  there  is  prevalence  of hydroelectric  participation.  Attention  is focused  on
hydro  power  plants  composed  of  distinct  groups  of  generating  units,  each  of  which  exhibiting  different
performance  characteristics.  Considering  the  forecasted  load  curves  provided  by short  term  operation
planning  studies,  an  optimization  problem  is  formulated  to determine  how  many  and  which  generating
units  should  be  dispatched  in each  hour  and  at which  power  plant  so  as  to meet  load,  operational  and
energy  target  constraints.  The  latter  are  established  by medium  term  operation  planning  studies.  The
objective  function  to  be minimized  comprises  distinct  components  related  to loss  of  efficiency  in the  use
of water  resources,  as  well  as unit  startup  and  shutdown  costs.  The  difficulties  posed  by  the  discontinuous
nature  of the  loss  of  performance  function,  which  actually  comprises  a collection  of  distinct  curves,

are  dealt  with  by  aggregating  them  into  a  continuous  surface  obtained  via  best  fitting  methods.  This
artifice  allows  the application  of efficient  mixed  integer  programming  algorithms  to  solve  the  hydro  unit
commitment  problem,  and is seen  as  a contribution  of  this  paper.  The  performance  of  such  optimization
model  is assessed  via  its application  to  real power  plants  of  the  Brazilian  interconnected  power  system.
The  results  show  that the  proposed  operation  policy  promotes  the  optimum  use  of  water  resources,
leading  to  the  minimum  depletion  of  reservoirs  as compared  to all  other  unit  combinations.

© 2016  Elsevier  B.V.  All  rights  reserved.
. Introduction

Unit Commitment (UC) is a key function in power system
hort-term operations planning which aims at determining which
enerating units are the most cost-effective to be dispatched,
n order to supply the forecasted demand and spinning reserve
equirements over time horizons ranging from one day to one
eek. Several technical constraints and economical factors such as

enerating unit minimum up and down times, start-up costs and
hutdown costs, etc., should be taken into account in the solution,
aking the UC of thermal units one of the most complex problems

n power system operation [1]. Once UC determines the genera-
or schedule for a given time horizon, Economic Dispatch is able to

ssume a fixed set of available generating units in order to compute
he generation levels for any point of the demand curve pertaining
o that horizon.

∗ Corresponding author. Tel.: +55 4837214987; fax: +55 4837219280.
E-mail address: simoes@ieee.org (A. Simões Costa).

ttp://dx.doi.org/10.1016/j.epsr.2016.03.037
378-7796/© 2016 Elsevier B.V. All rights reserved.
A variety of approaches to solve the UC problem can be found in
the literature, including heuristic methods, computational intelli-
gence techniques and theoretically denser optimization methods.
Detailed overviews are presented in [2] and more recently in
the comprehensive survey [3], which also encompasses uncer-
tain aspects, as well as in [4], whose focus is on deterministic
approaches for the hydro UC problem. Certainly due to its imme-
diate economical impacts, the thermal UC problem has received
much more attention in the literature than its hydroelectric coun-
terpart. This fact reflects itself in the operation practices adopted by
the industry, particularly in those countries in which hydro power
is prevalent. Nonetheless, the hydro UC problem has been the
object of interest of several research groups worldwide, and distinct
approaches have been proposed to address the problem, such as
computational intelligence methods [5–7], Dynamic Programming
[8], Lagrangian relaxation [9–12], Mixed Integer Linear Program-

ming (MILP) [13,14], and Mixed Integer Nonlinear Programming
(MINLP) [15].

In [9,10], a sequential quadratic programming approach and
Lagrangian relaxation techniques are employed to solve the hydro-
thermal UC problem, and bundle methods are also used to update
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level, bi, and the tailrace level, ri. The difference (bi − ri) is the gross
water head, but pressure losses due to friction of the water in
the penstock have also to be accounted for. The latter are usually
T. Dal’ Santo, A. Simões Costa / Electric

he Lagrange multipliers. Along the same line, the authors of [11]
ocus attention on the hydro generation optimal dispatch sub-
roblem, making use of augmented Lagrangian techniques. The
esulting method is then applied to determine the optimal dispatch
f two hydro plants of the Brazilian power system.

Other references address the hydro UC problem from the point
f view of minimizing the Loss-of-Performance (LoP) in the hydro-
lectric generation process due to factors such as tailrace elevation,
enstock head losses and turbine-generator efficiency variation.

n [12], a pre-dispatch model aimed at minimizing both trans-
ission power losses and hydro generation loss-of-performance

ue to the above factors is developed. The optimization problem is
olved through a combination of Lagrange relaxation and heuris-
ic techniques. The same concepts regarding generation LoP are
pplied in [16] to a single hydro power plant. The number of gener-
ting unit start-ups/shut-downs also plays an important role in this
ontext. A method based on Dynamic Programming which contem-
lates the above aspects is presented in [16] and applied to a large
ydro plant comprising 18 identical units. The results reported

n that paper show that the number of dispatched units signifi-
antly affects the overall power plant efficiency. In [17], the same
erformance criteria are extended for application to a Brazilian
ydroelectric system formed by several power plants. The result-

ng optimization problem is solved via a heuristic procedure based
n Lagrangian relaxation. The comparison of the proposed strategy
ith actual system operation during a typical day reveals that the

ormer yields considerable savings of energy due to improvements
n system overall efficiency.

In this paper, we consider the short term hydroelectric UC prob-
em with a time horizon of typically one to a few days, so that
eservoir inflows are assumed known and a deterministic approach
an be used. Unlike the cases dealt with in [13–15], large reservoirs
ypical of the Brazilian power system are considered, so that the
nfluence of reservoir water level on the power plant output (the
o-called “head effect”) can be neglected [9,12,16]. No pumping
torage operation is taken into account. Also unlike [13–15], we
ssume a centralized schedule of multiple reservoirs located in a
iven water basin, conducted by a single operator. Moreover, the
peration environment is not price-based, that is, the aim is not the
aximization of producer revenues. Instead, the main objective is

o maximize the efficient use of water resources. For that purpose, it
s assumed that an energy target in MWh  determined in mid-term
tudies for each power plant, in addition to the forecasted power
emand, must be satisfied.

We  adopt the hydroelectric UC problem formulation described
n [16,17], but introduce an alternative solution method that avoids
he use of heuristic techniques or an straightforward application
f Dynamic Programming without problem decomposition, which
ould turn out to be a computationally inefficient strategy for prob-
ems comprising a large number of generating units. As in the above
eferences, the proposed approach is aimed at minimizing the loss-
f-performance in the hydro generation process due to: (i) tailrace
levation, (ii) penstock head losses, and (iii) turbine-generator effi-
iency variation. A challenge associated with this approach is that
he LoP function for a given hydro plant considering the above fac-
ors is not a continuous, analytical function. Instead, it takes the
orm of a collection of mappings, one for each combination of gen-
rating units in operation. To cope with that, we  propose a new
trategy based on the aggregation of the various LoP mappings into

 single objective function. This is accomplished by defining a con-
inuous surface through best fitting methods that approximately

ontains all individual LoP curves. In addition, the number of units
n operation is treated as an additional (integer) optimization vari-
ble. The objective function is also extended to account for the
ost of generating unit start-ups and shut-downs. This results in

 Mixed Integer Nonlinear Programming (MINLP) problem, which
r Systems Research 137 (2016) 16–25 17

is solved by appropriate computational tools. Finally, we gener-
alize the problem formulation in order to take into account the
real case of power plants comprising distinct groups of identi-
cal generating units. Although this problem has been addressed
before using other approaches [9], to the best of our knowl-
edge the methodology based on minimizing loss-of-performance
components has not been previously applied to such general
case.

This paper is organized as follows. In Section 2 the basic con-
cepts related to the modeling of hydroelectric power plants are
reviewed. The characterization and mathematical formulation
of the various factors considered in the definition of the LoP
function are discussed in Section 3, which also deals with the
aggregation of LoP components for distinct numbers of generat-
ing units in operation. Section 4 presents the overall formulation
of the hydroelectric UC problem. Results of several case studies
solved through the proposed approach are presented and dis-
cussed in Section 6. Finally, the concluding remarks are listed in
Section 7.

2. Mathematical model of hydro units

Consider a hydro power plant i composed of Ji generating units,
and that ni of them are in operation, ni ≤ Ji. The electric power pi,j (in
MW)  generated by hydro unit j is a function of the corresponding
turbine water discharge rate qi,j (in m3/s), the net water head hi,j
(in m)  and the unit combined turbine-generator efficiency �i,j, and
is given by

pi,j = K�i,jhi,jqi,j (2.1)

where K is a constant equal to 0.00981 MJ/m4. Eq. (2.1) is often
referred to as the hydro unit production function. It is more complex
than one could think at first glance, due to the fact that the involved
variables are interdependent. To begin with, turbine-generator effi-
ciency is actually a nonlinear function of hi,j and pi,j (or, equivalently,
qij). Since in general there is no analytical form for the hill curve,
it is in practice approximated by a second order polynomial of the
form:

�i,j(hi,j, pi,j) = �0,i,j + �1,i,jhi,j + �2,i,jpi,j + �3,i,jhi,jpi,j + �4,i,jh
2
i,j

+ �5,i,jp
2
i,j (2.2)

where coefficients �k,i,j, k = 0, 1, . . .,  5 are previously determined
through “best fitting” (multivariable linear regression) methods by
using points obtained from the actual hill diagram provided by the
manufacturer. It should be noticed that, for a given net water head,
as the power output increases the efficiency also increases, until
a maximum efficiency value is attained. Further increases on the
power output lead to declining efficiency values. A similar rea-
soning can be applied when varying water head for a fixed power
output. In other words, there is a point of maximum efficiency �max

ij

(the so-called “design point”) for which the hydro unit reaches the
optimal energy conversion performance.

The water head in Eq. (2.1) depends upon the forebay water
expressed in meters and considered as a quadratic function of the
unit discharge:

hloss
ij = ˇjq

2
i,j (2.3)

http://www.tarjomehrooz.com/
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here ˇj (in s2/m5) is a constant whose value depends on the char-
cteristics of the particular installation. The above considerations
ead to the following expression for the net water head:

i,j = bi − ri − hloss
ij (2.4)

orebay elevation is in turn a function of the reservoir water
torage. In short term operations planning studies encompass-
ng only a few days’ horizon, variations on the forebay level tend
o be negligible, especially when dealing with large reservoirs
16].

The same does not apply, however, to the tailrace level, which
ay  significantly vary with total hydro plant water release Di even

or a short term horizon. For hydro plant i, Di comprises both power
lant discharge and spillage rates, denoted as Qi and Si, respectively,
o that

i = Qi + Si (2.5)

lthough included in the above formulation, spillage is usually
ndesirable and only justifiable under very particular operating
onditions dictated by exogenous factors. Therefore, it will not
e considered for the remaining of this paper. That is to say, it is
ssumed that the plant water release basically depends upon the
orresponding discharge rate.

No analytical relationship between tailrace level ri and total
ater release Di is available. Hence, it has to be determined from

xperimental data. The model used in the Brazilian system opera-
ions planning studies is a fourth-order polynomial approximation
f the form:

i(Di) = �0 + �1Di + �2D2
i + �3D3

i + �4D4
i (2.6)

here coefficients �k, k = 0, 1, . . .,  4 are determined by best fitting
echniques.

Since (i) the total water release is ultimately a function of the
ischarge of each unit, and (ii) the number of units in operation may
ary according to loading and dispatch conditions, it is important to
learly establish the relationship between Qi and qij. When power
lant i comprises a single group of identical generating units and
ssuming that identical units are dispatched so as to produce the
ame power output, we have

i(ni) = niqi (2.7)

. Main loss-of-performance components

From the developments in Section 2, the total power output of
ower plant i can be written as

i = K�i(ni)hi(ni)Qi(ni) (3.1)

here �i is the plant overall efficiency and hi is the plant net head.
ssuming all units in operation are identical and, as mentioned
efore, that identical units are dispatched with equal power out-
uts, the plant overall efficiency is equal to the individual unit
fficiency value. As discussed in the previous section, unit efficiency
s a nonlinear function of net water head and turbine discharge,
ften referred to as hill diagram. It is represented either as a col-
ection of contour lines [10] or as three-dimensional plots (see
12,16] for examples of real hydro unit 3-D hill diagrams). Simi-
arly to Qi (see Eq. (2.7)), both �i and hi are also functions of ni,
he number of units in operation, since varying ni affects the unit
ischarge rates qij and consequently the unit power outputs Pij .
qs. (2.2), (2.4)–(2.6) then clearly show that �i and hi also change

ith ni.

Therefore, given an expected electric power demand to be met
y the power plant, it becomes relevant to determine which num-
er of units in operation produces the “best” performance in some
ense. In this paper, we follow Refs. [12,16,17] and define such
r Systems Research 137 (2016) 16–25

best condition as the one that minimally deviates from ideal per-
formance index values. In other words, we search for the unit
commitment that minimizes a set of LoP components, as discussed
in the sequel.

The three main LoP components considered in this paper are
[12]: (a) deviation of turbine efficiency values with respect to the
point of maximum efficiency, denoted by LoP�; (b) reduction of net
water head due to elevation of tailrace level, LoPr; and (c) reduction
of net water head due the penstock water friction, LoPf. Each one of
those components are discussed and mathematically modeled in
the following subsections.

3.1. Loss-of-performance due to deviations from maximum
turbine efficiency

As briefly discussed in Section 2, there is a particular com-
bination of net water head-output power values which yield
the maximum power plant efficiency value �max

i
. Typical unit

hill diagrams [12] indicate that operating a generating unit at a
point that significantly deviates from such “design point” leads
to considerable loss-of-performance in the energy conversion
process.

For a given number of generation units in service, ni, this LoP
component can be determined from Eq. (3.1) and from the max-
imum efficiency value �max

i
of power plant i, obtained from the

corresponding hill diagram. Accordingly,

(LoP�)i = K(�max
i − �i(ni))hi(ni)Qi(ni) (3.2)

Eq. (3.2) is directly applicable for the case of a power plant com-
posed of a single group of identical generating units, but can be
easily generalized for the case of two or more groups of units.

3.2. Loss-of-performance due to tailrace elevation

An increase on the power plant total water discharge Qi, either
by opening the wicket gates of units already in service or by putting
more units into operation, produces an increase of power plant
output. However, either action also increases the tailrace level ri,
leading in turn to a reduction of the net water head, as given by
(2.4). The final result is an effective power plant output somewhat
smaller than the value that would result without tailrace elevation.
From Eq. (3.1), one can easily conclude that the corresponding loss-
of-performance component can be written as

(LoPr)i = K�i(h
ref
i

− hi(ni))Qi(ni) (3.3)

where href
i

is a reference value for the net water head, properly
chosen to prevent the occurrence of negative values for (LoPr)i

over all expected operating conditions. In [16], this value is defined
as the one corresponding to the minimum plant water discharge
with ni units in operation. Using this definition and (2.4) under the
hypothesis of constant forebay elevation, a reference value rref

i
cor-

responding to href
i

can be defined for the tailrace level, which leads
to an alternative form of (3.3):

(LoPr)i = K�i(ri(ni) − rref
i

)Qi(ni) (3.4)

3.3. Loss-of-performance due to frictional head losses

The third LoP component is related to the loss of water pres-
sure due to water friction in the unit penstocks, and is sometimes

referred to as penstock head losses or hydraulic losses. As discussed in
Section 2, such loss of pressure in meters is usually approximated
by a quadratic function of the discharge rate. Similarly to tailrace
elevation, its effect is also to reduce the net water head, as given by
Eq. (2.4), and can be expressed in MW by an equation similar to (3.3).

http://www.tarjomehrooz.com/
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Fig. 1. Aggregated LoP and LoP components for Marimbondo hydro power plant
with all eight generating units in operation.
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ig. 2. Aggregated LoP curves for Marimbondo power plant with varying number
f  units in operation.

lso as in the previous case, a particular discharge value chosen to
ulfill the same requirements as before can be adopted. From that
eference discharge value and the assumption that ni generation
nits are in operation, a head loss value hloss,ref

i
can be computed

rom Eq. (2.3). Using hloss,ref
i

as the frictional head loss reference,
he corresponding loss-of-performance component in MW is given
y

LoPf )
i
= K�i(h

loss
i (ni) − hloss,ref

i
)Qi(ni) (3.5)

.4. Typical generation loss-of-performance curves

Assuming that all technical data for a given hydro power plant
re available, including the polynomial approximations for the hill
urves (Eq. (2.2)), tailrace elevation (Eq. (2.6)), and frictional head
osses (Eq. (2.3)), curves for the LoP components as functions of the
utput power can be generated by gradually increasing unit dis-
harge rates from its minimum up to its maximum value, under
he assumption of constant forebay level previously discussed. The

arimbondo hydro power plant, which is part of the Brazilian
ower system, is used in this paper to illustrate the concept of LoP
urves. Such power plant is composed of eight identical 180 MW
nits, so that its maximum power output is 1440 MW.  Considering
hat all units are in operation, Fig. 1 shows the curves for three LoP
omponents, as well as for the aggregated LoP, as the plant is dis-
atched from its minimum up to its maximum power output under
he described conditions. The aggregated LoP is defined simply as

oP = LoP� + LoPr + LoPf (3.6)

It is also possible to determine LoP × output power as the num-

er of units in operation varies. This is shown in Fig. 2. For a given
alue of the plant power output, one can promptly see from Fig. 2
hat there may  be distinct unit combinations for the same dispatch,
ut there is an optimal number of units in operation for which LoP is
inimum. Since this implies a minimum depletion of water volume
r Systems Research 137 (2016) 16–25 19

in the reservoir, as shown in the following sections, LoP minimi-
zation is a fundamental aspect to be considered in short term hydro
schedule studies.

Figs. 1 and 2 illustrate the fact that the total loss-of-performance
index for a given hydro power plant is ultimately a function of two
variables, namely, the number of generating units actually in oper-
ation and the power output of each unit. Sticking to the assumption
that identical units are equally dispatched, we  can express the LoP
of power plant i at a given time t as a function LoPi : R

ni × N  → R

defined as

LoPi(t) = fi(p
t
i , nt

i ) (3.7)

where pt
i
is the power output of each generating unit of power plant

i in operation at time t, nt
i

is the number of units of hydro plant i in
operation at time t. As illustrated in Fig. 2, fi is a “family” of nonlinear
mappings. Each of those mappings corresponds to a particular value
of nt

i
and is determined as given by Eq. (3.6) considering that nt

i
generating units are in operation.

4. Mathematical formulation of the hydro UC problem
considering distinct unit groups

4.1. Hydro stations with multiple unit groups

In this paper, the hydroelectric UC approach based on minimiz-
ing LoP is generalized so as to consider power plants comprising
distinct groups of identical generating units, the units of each
group exhibiting performance characteristics which differ from
each other. As a consequence, the notation employed in the pre-
vious section has to be expanded in order to accommodate the
presence of such groups.

First of all, indices i, �, and j consistently refer to power plants,
groups of units and generating units, respectively. Let us assume
that the power system under study is composed by I hydro power
plants, and that power plant i contains Li distinct groups of units.
Group � of plant i is in turn composed by a total of Ji� units,
of which nt

i�
are actually in operation at time interval t. Let pt

i,�
be the power output generated by each of those units at time t
(recall that all identical units are dispatched with the same power
output). Accordingly, Eqs. (2.7) and (3.1) can be easily general-
ized to furnish plant total discharge, Q t

i
, and plant total power

output, Pt
i
, at time t, for the case of multiple groups of identical

units.

4.2. Mathematical formulation of the hydro UC problem

The hydro UC problem is formulated in this paper as an opti-
mization problem whose main objective is to minimize the total
loss-of-performance of the generation system during a given time
horizon. This time horizon is discretized into T intervals, each of
them of duration ht, t = 1, . . .,  T. In the same optimization process,
unit startup and shutdown costs are simultaneously taken into
account.

The optimal unit commitment solution must ensure that the
output power of the committed power plants meets the forecasted
power demand at each interval of the time horizon. In addition,
it is assumed that there is an energy target in MWh  assigned
to each power plant that must be also fulfilled. Such a target is
a function of the water volume available for power generation
throughout the whole time horizon, and is previously determined

by midterm operations planning studies [18]. The remaining con-
straints refer to the relationships between the number of operating
units within each group and the statuses of such units as deter-
mined by the optimization process; enforcement of lower and
upper limits on unit output powers; and the binary nature of

http://www.tarjomehrooz.com/
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he variables representing unit statuses. The status of generating
nit j of group � pertaining to power plant i at time interval t is
enoted by ut

i,�,j
, and is equal to 1 if the unit is on and zero if it

s off.
The hydroelectric unit commitment problem is stated in (4.1).

he cost function to be minimized comprises two types of terms:
he first one represents the aggregated LoP costs of all power
ystem hydro plants, whereas the second term takes into con-
ideration unit startup and shutdown costs. Parameters cL

i,�
(in

/MW)  and cS
i,�

(in $) stand for the estimated LoP unitary cost
nd the startup/shutdown cost, respectively, both assigned to a
enerating unit of group � pertaining to plant i. Values for the
atter type of cost parameters can be estimated from recommen-
ations of previous studies [19] and unit rated powers. Function

i�(pt
i,�

, nt
i�

) is simply a generalization of (3.7) for the case of plants
omprising multiple groups of units. The products of terms depend-
ng on unit status in the objective function of (4.1) account for
he number of unit startups and shutdowns at consecutive time
ntervals.

In the first constraint of the optimization problem (4.1), Pt
D

s the system load at time interval t, while the left-hand side
f the equation represents the sum of the power generated by
ll power plants (transmission losses are neglected). Mi in the
econd constraint denotes the energy target in MWh  for power
lant i, for the whole time horizon. It defines intertemporal con-
traints at power plant level, that must be met  by the outputs of
perating units pertaining to distinct generating groups. The third
onstraint in (4.1) establishes the relationship between the binary
ariables indicating the active units pertaining to a given group
t interval t and the number of the group’s generating units in
peration at the same interval. The remaining constraints enforce
ither physical limits on unit output powers and number of units
r variable types. It is important to notice that the main opti-
ization variables of Problem (4.1) are generating unit power

utputs and number of units in operation at each time interval,
hat is in compliance with the discussion in Section 3.4 related to

q. (3.7).

min
pt

i,�
,nt

i�

T∑
t=1

ht

{
I∑

i=1

Li∑
�=1

[
cL

i,� × fi�(pt
i,�, nt

i�)

+
Ji�∑

j=1

cS
i,� × ((ut

i,�,j(1 − ut−1
i,�,j

) + ut−1
i,�,j

(1 − ut
i,�,j))

⎤
⎦

⎫⎬
⎭

subject to :
I∑

i=1

Li∑
�=1

nt
i�pt

i,� = Pt
D, t = 1, . . .,  T

T∑
t=1

ht

Li∑
�=1

nt
i�pt

i,� ≤ Mi, i = 1, . . .,  I

Ji�∑
j=1

ut
i,�,j − nt

i� = 0

0 ≤ nt
i�

≤ Ji�

p
i,�

≤ pi,� ≤ p̄i,�

⎧⎨
⎩

� = 1, . . .,  Li;

i = 1, . . .,  I;

t = 1, . . .,  T.

ut
i,�,j

∈ {0, 1}, ∀i, j, �, t

(4.1)
. Solution of the hydro UC problem

For real power systems, Problem (4.1) is a large and challenging
ptimization problem, since it is nonlinear, contains both contin-
ous and integer variables, and includes time-coupling terms as
r Systems Research 137 (2016) 16–25

constraints and also in its objective function. However, the main
difficulty for its solution resides in the fact that the LoP component
in the objective function is discontinuous and composed of multiple
nonlinear segments, which precludes the application of analytical
solution methods. An alternative is to resort to techniques based on
directly computing objective function values, but since they depend
on the varying number of generating units in operation, a consid-
erable amount of decision making and branching instructions have
to be repeatedly executed to obtain LoP values. Dynamic Program-
ming (DP) is a valid candidate [16], usually combined with some
sort of heuristic procedures to cope with the effects of the so-called
“curse of dimensionality” usually associated with DP. Another pos-
sibility is to apply metaheuristic methods, such as Evolutionary
Algorithms, ant colony methods, etc. [5,6]. However, depending on
the number of generating units involved, the large computational
effort required by such approaches may turn out to be a significant
hurdle for accommodate hydroelectric UC solutions in short term
planning studies.

In this paper, we propose a novel approach to cope with
the difficulties posed by the discontinuous nature of the LoP
objective function components. It consists in replacing the
discontinuous LoP component for group � of power plant i
by an equivalent function that takes the form of a surface
Si� ∈ R

3, mathematically described by an analytical, polynomial
expression.

The procedure to obtain surface Si� from LoP curves such as those
of Fig. 2 can be seen as composed of two steps. First of all, a third
dimension is added to Fig. 2 as an extra horizontal axis on which the
number of generating units in operation is represented. This allows
that the family of curves in Fig. 2 be “unstacked”, that is, separated
one from another onto distinct planes, each of which corresponding
to a particular ni� value.

The second step consists in temporarily assuming that the num-
ber of units in operation is a continuous variable denoted by xi�.
Then, a surface described by a polynomial expression on pi,� and
xi� is adjusted to the various LoP curves. This can be accomplished
by means of surface fitting methods based on least-squares tech-
niques. The degree of the fitted polynomial can be selected in order
to produce good adherence to the individual LoP curves. Our expe-
rience points out that best results are obtained with forth-order
polynomials.

Fig. 3 presents the LoP surface obtained from the curves for the
Marimbondo power plant previously shown in Fig. 2. Traces in black
correspond to the individual curves in that figure, while the fitted
surface is represented in blue.

The definition of a LoP surface for each group of a given power
plant allows that the hydro UC problem be restated as the Mixed
Integer Nonlinear Problem (MINLP) given by (5.1). Notice that Prob-
lem (5.1) differs from Problem (4.1) in that: (a) the continuous and
analytical LoP surface Si� replaces the discontinuous function fi� in
the objective function; (b) variable xt

i�
replaces nt

i�
, and (c) the inte-

gral nature of xt
i�

is enforced by imposing an extra variable type
constraint.

The solution for Problem (5.1) can be achieved via efficient
MINLP solvers such as DICOPT (Discrete and Continuous Opti-
mizer), devised to solve problems involving integer/binary and
continuous variables [20], and available as part of the GAMS com-
putational package. The algorithm underlying DICOPT relies on the
relaxation of equality constraints through the imposition of penal-
ties. Internally, DICOPT iteratively and alternately solves Mixed
Integer Linear Programming and Nonlinear Programming subprob-
lems until a solution is attained. The algorithm is able to deal with

non-convexities, although it is not possible to ensure that the global
optimum is always attained. In the current application, however,
surface Si� tends to behave as a convex function within the usual
operating range of the generating units, so that it is expected that
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ig. 3. Three-dimensional LoP surface for the Marimbondo hydro plant obtained th
eferences to color in this sentence, the reader is referred to the web  version of the

he DICOPT provisions to handle non-convexities will suffice to
rovide the optimal solution.

min
pt

i,�
,xt

i�

T∑
t=1

ht

{
I∑

i=1

Li∑
�=1

[
cL

i,� × Si�(pt
i,�, xt

i�)

+
Ji�∑

j=1

cS
i,� × ((ut

i,�,j(1 − ut−1
i,�,j

) + ut−1
i,�,j

(1 − ut
i,�,j))

⎤
⎦

⎫⎬
⎭

subject to :
I∑

i=1

Li∑
�=1

xt
i�pt

i,� = Pt
D, t = 1, . . .,  T

T∑
t=1

ht

Li∑
�=1

xt
i�pt

i,� ≤ Mi, i = 1, . . .,  I

Ji�∑
j=1

ut
i,�,j − xt

i� = 0

0 ≤ xt
i�

≤ Ji�

p
i,�

≤ pi,� ≤ p̄i,�

⎧⎨
⎩

l� = 1, . . .,  Li;

i = 1, . . .,  I;

t  = 1, . . .,  T.

ut
i,�,j

∈ {0, 1} and xt
i,�

∈ N, ∀i, j, �, t

(5.1)

. Results of case studies

In this section, results of hydro unit commitment studies con-
ucted via the proposed method and involving two distinct test
ystems are presented. Two types of simulations are performed: (i)

 study to confirm the optimality of the solution obtained with the
roposed UC strategy and its impact on the total discharged water
olume during a given time horizon, and (ii) a realistic simulation
ased on three existing hydro power plants located in the South-
astern region of the Brazilian power system, which include a total

f 34 generating units. Results obtained for the two  case studies are
resented and discussed in the sequel.

In all simulated cases, our MINLP formulation (5.1) for the
ydroelectric UC problem is solved using GAMS (General Alge-
raic Modeling System) computational package [21]. As mentioned
 best fitting techniques applied to individual LoP curves. (For interpretation of the
.)

in the previous section, the main GAMS solver employed for this
problem is DICOPT [20], which in turn makes use of solvers CPLEX
and CONOPT to obtain solutions for the mixed integer program-
ming (MIP) and the nonlinear programming (NLP) subproblems,
respectively.

6.1. Optimality analysis and impact on total discharged water
volume

The objective of this subsection is to validate the proposed UC
strategy through an enumerative procedure that lists all possible
generating unit combinations that meet a load curve defined for
a given time horizon. Clearly, such procedure requires that some
practical limitations be imposed on the test system to be used, as
well as on the load curve to be met, in order to prevent combinato-
rial explosion, that is, too large a number of feasible combinations
to be examined, what would lead to an intractable problem.

Therefore, the test system to be used in this subsection is
restricted to a single power plant, but which comprises two dis-
tinct groups of generating units. The first group is composed of
three units whose minimum and maximum outputs are 55 MW
and 230 MW,  respectively, while the second group is formed by
two units of 180 MW whose minimum output is 50 MW.  As a con-
sequence, the hydro station operating range goes from 50 MW
up to 1050 MW.  Although the power plant for this case study is
hypothetical, its generating units correspond to real ones pertain-
ing to existing hydro plants of the Brazilian power system: units
of the first group have the same technical characteristics of units
of Agua Vermelha hydro plant, while those in the second group
replicate the characteristics of Marimbondo power plant units.
Startup/shutdown costs are taken into account in the results that
follows. The values of the corresponding coefficients cS

i,�
have been

estimated as suggested in Ref. [19] and are presented in Table 2
under the headings AV and M (for the units in the first and second
groups, respectively). Of course, other values could have been used,

what would affect the number of startup/shutdown unit switching
operations in the final solution. For instance, large values assigned
to cS

i,�
would lead to a reduction on the number of switching oper-

ations, with the side effect of a corresponding decrease on the
efficient use of the water resources.
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Fig. 4. (a) Objective function values and (b) discharged water volumes for several combinations of operating units.

Table 1
Load profile for case 1 and optimal UC.

Interval 1 2 3 4

Load (MW)  50 380 720 1050
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and are presented in Table 2. The same table shows the assumed
unit LoP costs within each generating group, and also energy tar-
Opt.  solution 0–1 2–0 3–1 3–2

Loss-of-performance surfaces have been determined for each
f the two generating groups by using the procedure described in
ection 5. LoP curves similar to those in Fig. 2 had been previously
btained through the methodology presented in Section 3 from the
echnical data of Agua Vermelha and Marimbondo hydro stations.

This case study considers a 4-h operation planning horizon,
ivided into 1-h time intervals. Even for such a limited number of

ntervals and the assumption that at least one unit has to operate in
ach interval, the number of possible unit combinations amounts
o 14, 641, whose processing through an enumerative procedure
ould demand a huge computational effort. Without loss of gen-

rality, we then make use of the load profile shown in Table 1, with
hich the number of feasible combinations is reduced to a man-

geable level. With such load curve, only 24 combinations are able
o meet the demand without any unit violating its lower or upper
eneration limit.

The next step is to solve the optimization Problem (5.1) in order
o identify which unit combination out of the 24 feasible ones pro-
ides the optimal UC solution. The optimal combination is shown
n the last row of Table 1 as strings of the type k1 − k2, where k�

s the operating units of group �, �=1, 2. Then, two performance
ndices are considered, for all feasible combinations: (a) the value
f the cost function of Problem (5.1), and (b) the total discharged
ater volume during the whole 4-h time horizon. The results are
lotted as bar charts in Fig. 4(a) and (b). Values provided by the
ptimal solution for Problem (5.1) are shown in black, while the cal-
ulated values corresponding to all other alternative combinations
re represented in grey.

The results presented in Fig. 4(a) confirm that the unit combi-
ation determined by solving Problem (5.1) is in fact the one that
xhibits the minimum objective function value. Although expected,
hose results validate the optimality of the unit combination pro-
ided by the proposed approach.

On the other hand, the results depicted in Fig. 4(b) are less
xpected, and convey an important meaning. They indicate that,
ut of all feasible solutions, the one that minimizes the power plant
oP over the whole time horizon tends to require the minimum
mount of discharged water volume, and consequently produces
he minimum reservoir water volume depletion. In other words,
he proposed methodology of minimizing LoP components indi-

ectly leads to the maximum water savings over the considered
ime horizon. Ultimately, the results of this case study confirm the
uperiority of the results produced by the proposed strategy over
Fig. 5. Relative location of hydro stations in the river basin.

all other feasible solutions in terms of the efficiency of the overall
energy conversion process.

6.2. Application to a realistic hydro generation system

The realistic test system comprises three hydro stations of the
Brazilian power system: Marimbondo power plant, located on the
Grande river and formed by eight identical units of 180 MW;  Agua
Vermelha hydro station, also located on the same river and com-
posed by six identical units of 232.7 MW;  and Ilha Solteira hydro
station, which is on the Paraná river and contains 20 generating
units. The latter are divided into two  groups: the first one, which
we refer as IS-I, comprises four identical units of 176 MW,  while
group IS-II includes the remaining 16 units, whose rated powers
vary between 170 and 174 MW.  In this paper, however, we con-
sider that all units in groups IS-II are identical, with rated power of
170 MW.  Therefore, the installed capacity of the three hydro sta-
tions are 1440 MW,  1396.2 MW and 3424 MW,  respectively. Their
relative locations on the Paraná river basin is shown in Fig. 5.
Although there are other hydro stations on the same basin, only
those which compose the test system are represented in the figure.
Altogether, 34 generating units are represented in this case study.
The LoP surfaces for Marimbondo and Agua Vermelha hydro plants
are shown in Figs. 3 and 6, whereas LoP surfaces for the two unit
groups of Ilha Solteira power plant are depicted in Fig. 7. It should
be mentioned that the domain of all LoP surfaces is defined by the
individual curves shown in black in the figures. That is to say, the
remaining parts of the surface beyond the black traces do not play
any role in the optimization process.

The time horizon considered in the case study is a full day,
divided into 24, 1-h intervals. The corresponding load curve is
shown as the upper plot in Fig. 8(a), which exhibits peaks at hours
10 and 22. Startup/shutdown unit costs for units pertaining to each
power plant group have been estimated as suggested in Ref. [19]
gets Mi for each power plant during the whole 24-h time horizon.
In practice, the latter are determined by longer term models that
represent in detail the operation of the hydroelectric system [18].
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Fig. 6. LoP surface for the Agua Vermelha hydro plant.

Fig. 7. LoP surfaces for the Ilha Solteira hydro plant: (a) group IS-I, comprising four generating units and (b) group IS-II, composed by 16 units.

Fig. 8. (a) Load curve and output power curves and (b) total LoP curve and individual LoP curves for the four generating unit groups.
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Fig. 9. UC results for the 4-hydro plant system. (a) Ilha Solteira IS-I and IS-II unit groups and (b) Agua Vermelha (AV) and Marimbondo (M)  units.
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Table 2
Operating costs and energy targets

Gen. unit group St.up/sht.dn cost ($) LoP cost ($/MW)  En. target (MWh)
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AV 744 20 22,340
M  555 50 23,310
IS-I 528 20 55,430
IS-II 510 50

n this paper, we assume a typical hydrologic scenario and, with-
ut loss of generality, establish energy target values in proportion
o the power plant MW capacities. Although clearly an approxima-
ion, such criterion has produced results that, in relative terms, do
ot deviate too much from those obtained through more rigorous
rocedures [18]. Only one target value is provided for Ilha Solteira
IS) power plant, since energy targets apply to power stations rather
han to unit groups.

Following the procedure described in Section 5, the first step
oward the application of the proposed methodology to this test
ystem is to determine individual LoP surfaces, similar to the one
hown in Fig. 3, for each of the four generating unit groups. Space
estrictions do not allow the presentation of the four LoP surfaces
n this paper, but some remarks about them are in order at this
oint, as follows: (i) Among all generating groups, the range of LoP
alues in MW for group IS-I is narrower than the range of the oth-
rs. (ii) That characteristic, together with the IS-I also moderate LoP
nit cost given in Table 2, makes the IS-I LoP costs the lowest ones
mong all groups. (iii) By the same token, in the average the sec-
nd lowest cost group is AV,  followed by IS-II, and finally the single
enerating group M of the Marimbondo, which then exhibits the
ighest average LoP cost. Despite those observations, it should be
lear that LoP costs are not the only factor that dictate unit com-
itment results, since the problem constraints, and in particular

hose related to energy targets, also play an important role in that
espect.

The solution of Problem (5.1) for this test system using GAMS
omputational package takes six iterations of the MIP  solver and
even iterations of the NLP solver until convergence is attained.
ig. 9 presents the UC results for the four generating group test
ystem during a 24-h time horizon. For better visualization, the
lots are grouped into two distinct charts, as described in the figure
aption. The corresponding power outputs are depicted in Fig. 8(a).
inally, the evolution of the LoP values of the four generating groups
long the 24-h period is shown in Fig. 8(b).

The UC results in Figs. 8(a) and 9(a) show that, at the optimal
olution, all four units of group IS-I are dispatched at full capacity
long the whole time horizon, whereas the commitments of units
ertaining to group IS-II vary according to the load curve. Such an
utcome is in agreement with the previous cost analysis above, and
s made possible by the fact that both groups are subject to a single
nergy target constraint. This provides a certain degree of freedom
ithin the whole set of IS hydro station units in the course of the

ptimization process, leading to a rather expected result.
The results for the other two groups are not so predictable, if

ne thinks only in terms of operating costs. As mentioned before,
nits of the Marimbondo hydro station tend to be the most costly
nes. Nevertheless, this does not imply that at the solution they
re less committed during the time horizon than, say, the AV units,
hose operating costs are rather lower (see Fig. 9(b)). The expla-
ation comes from the fact that each of the two power plants have

ts own energy target. As a consequence, the units of group M
nd up being committed and dispatched in all time intervals, as

hown in Figs. 8(a) and 9(b), in order to fulfill its target. As a conse-
uence, they eventually exhibit the highest LoP values throughout
he period, according to Fig. 8(b). At the solution, the total LoP for
he whole time horizon is 3803.6 MWh  and the total discharged
olume is 877.6 h m3.
r Systems Research 137 (2016) 16–25

The optimization problem solved through GAMS comprises
2935 single equations, 39 blocks of equations, 2908 continuous and
936 discrete variables. The required CPU time to reach convergence
on a Dual Core, 2.10 GHz, 64 bits, 3.0 GB RAM microcomputer has
been 3 min  and 24 s to solve a problem that altogether comprises
34 generating units. Even considering the evolution of computer
technology over the last decades, this is certainly a competitive fig-
ure as compared with computing times reported in the literature
to solve similar problems. In Ref. [12], for instance, which applies
Lagrange relaxation and a heuristic post-processing stage to solve
the hydro UC problem, CPU times of the same order of magnitude
as the above are reported to solve a system composed of 12 gen-
erating units, that is, roughly one quarter of the size of our test
system. In [9], a solution strategy based on Sequential Quadratic
Programming and Lagrange relaxation demands 180 min  to solve a
larger problem, composed by 121 units (and thus about four times
as large as the test system used in this paper).

7. Conclusions

The importance of the hydroelectric unit commitment prob-
lem lies mainly in the significant savings of water volume that its
proper solution can promote, thereby contributing to reduce future
operating costs. This paper address the problem from the point
of view of minimizing the loss of performance (LoP) of groups of
generating units, at the same time meeting demand constraints
and power station energy targets established by longer term plan-
ning studies. The problem formulation considers the general case
where a hydro station is composed by multiple groups of identical
generating units. The discontinuous, multiple-segmented nature
of the LoP curves of each group, usually seen as a deterrent factor
for applying analytical optimization tools, is dealt with by deter-
mining LoP polynomial surfaces through best fitting methods. As
a result, efficient mixed integer nonlinear algorithms can be suc-
cessfully used to determine the most productive unit combination
able to meet the above constraints. The optimality properties of the
proposed approach has been validated by using a low dimension
case study for which all possible unit combinations can be evalu-
ated. In addition, its feasibility for application to real problems has
been successfully demonstrated on a test system composed of three
hydro station and 34 generating units that is part of the Brazilian
power system.
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